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Abstract: Basilar artery aneurysm occurrence is associated with hemodynamics
instability. For prediction of aneurysm various experimental and numerical methods are
developed. However, the greatest interests are mathematical methods for computing the
hemodynamic parameters at the bifurcation of the basilar artery. In this paper, we
propose a partial derivatives mathematical model of hemodynamic to compute the
three-dimensional blood flow in the basilar artery. The model is possible to compute the
basic hemodynamic parameters of blood flow and find the value of wall shear stress,
which has a significant influence on the formation and development of aneurysms of the
basilar artery. The developed model can also be used in multiscale models of
hemodynamics to combine the hemodynamic models of different levels of detail.

Introduction. Basilar artery, located in the pons, formed by the junction of the
vertebral arteries. The main disease of basilar artery is aneurysm which is formed at the
bifurcation region of basilar artery (Fig. 1). Currently, the causes of aneurysm
development are not fully understood. It is assumed that the main factors contributing to
the formation of aneurysms are
hemodynamic instability and
geometrical parameters of the basilar
artery [1]. As a result of hemodynamic
instability in basilar artery there is a
region with a low wall shear stress,
which leads to the destruction of the
inner layer of the vessel wall and the loss
of elasticity [2]. As a result, in the vessel
with a weakened wall aneurysm is
formed. Especially dangerous is a
rupture of the aneurysm, which leads to
subarachnoid hemorrhage.

One of the topical tasks today is to
develop methods for predicting the
emergence and  development  of

Fig. 1. Angiogram presents .
the basilar artery aneurysm [3] aneurysms of the basilar artery. The most

* The reported study was supported by the Supercomputing Center of Lomonosov Moscow
State University [14].
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promising method for such problems is the use of mathematical modeling of blood flow
in the basilar artery.

Methods. Strictly speaking, the blood is a suspension, however, given that the
diameter of the basilar artery is relatively large (> 1 mm), it can be accepted that blood
is a Newtonian fluid. Vessel diameter size of 1 mm. is critical, because for vessels with
diameters smaller than 1 mm observed Fahracus—Lindqvist effect of or sigma effect
[4,5].

To describe the three-dimensional blood flow as incompressible Newtonian fluid
we use the conservation momentum law [6]:
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or in vector form:
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where u — blood velocity, m/s; v — kinematic blood viscosity, m%/s; p — dynamic blood
viscosity, Pa/s; p — blood density, kg/mz; P — blood pressure, Pa; ' — external forces;
t — time, s.

Under external forces f* in equation (1) is usually understood gravity. This value in
the simulation of hemodynamics, tend to neglect (f=0). Blood kinematic viscosity
consider constant v =const. Thus, in equation (1) there are two unknowns: blood
velocity u and pressure P. Consequently, it is needed to add one more equation. This
equation is continuity equation

op ..
—+divpu =0. 2
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Since blood is modeled as incompressible Newtonian fluid, then p = const. Therefore,
equation (2) can be written as
Ou Ou Ou
—+—+—=0
ox Oy oz

or in the vector form
divu =0. 3

Thus, equations (1), (3) formed a closed equation system, describing blood flow
through basilar artery in 3D (3D hemodynamics model).

Consider the computational domain D (Fig. 2). Computational domain consists of
basilar artery and two vessels in which basilar artery bifurcates. According to
experimental data, length /g, of basilar artery vary from 24.8 to 38.5 mm. Diameter

dgp of basilar artery vary from 2.7 to 4.28 mm. In bifurcation region basilar artery
bifurcates on left and right posterior cerebral arteris. Bifurcation angle o vary from 30°
to 180°. Length of left/right posterior cerebral artery (feq/lgn) is (6.9%3.1)/

(6.8£2.7) mm respectively. Diameter of left/right posterior cerebral artery
(dleﬁ/dright) is (2.2£0.6)/(2.1+£0.7) mm respectively [7].
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Fig. 2. Geometrical 3D model of basilar artery

Basilar artery walls are elastic and can be stretched under the influence of moving
blood on them. The increment in the radius of the vessel reaches approximately 15 % of
the original [4]. However, for the basilar artery radius increment is negligible, therefore,
the elasticity of the basilar artery can be neglected and considered them rigid.

For solving system of equations (1) — (3) it is necessary to apply proper initial and
boundary conditions.

For the vessel wall Dy, it is no-slip condition

ulp =0. (4)

For inlet boundary Dj,, and also for outlet boundaries Dicf guis Dright,out

boundary conditions may be applied by researcher. However most promising method to
apply boundary conditions is to obtain them from multiscale hemodynamics models
[4, 8]. In this case simple hemodynamics models [9, 10] are used, for example global
hemodynamics model of arterial tree model. Such models are less computationally
costly, however only lumped parameters of blood flow can be found. As a rule, to get
the boundary conditions for 3D model it is used results of artery tree model (1D model),
converted according to special coupling algorithm (Fig. 3). Thus:

”(xinsy’z’t)‘D = A(uyp (xip, D)3
m
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right, out

where xi;, Xiefi out> Xright,out — CoOrdinates along the vessel, where 3D and 1D models

coupling; u;, — value of blood velocity, computed by arterial tree model; 4 — coupling
algorithm.
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Fig. 3. Scheme of coupling of 3D basilar artery model
and 1D arterial tree model

To apply proper initial conditions u, =u(x,y,z,t) u By = P(x,y,z,t) when t=0
it is needed to solve Stokes problem

{—vAuo +VER = f;

divuy =0.

®)

In system (5) also as in the system (1), (3) influence of external forces is neglected
(f=0). The boundary conditions are the same as for system (1) — (3).

Results. To conduct numerical experiments computational domain D was
constructed (Fig. 2). Parameters of computational domain are: /g, =30 mm;

dga =3mm; o =120% leg =7 mm; [gpe =7 mm; dieg =2 mm; djop =2 mm.

Blood parameters are: v = 3.3-10°° m?/s; pu = 0.003 Pa/s; p = 1050 kg/m’.

For solving the mathematical model it was used Finite Element Method (FEM).
Computational domain was divided on 18984 finite elements (tetrahedrons). In basilar
artery Reynolds number Re vary from 200 to 600 [11], hence, it can be concluded that
there is a laminar flow in basilar artery. For modeling of blood flow through basilar
artery on inlet boundary D, velocity profile was applied according to Poiseuille’s law

[12] (Dirichlet condition):

r(,2)? |,
(dga/2)

Unmax (1) = 2ty (1); (6)

u(Xy,, y,2,1) |Din = U (D) 1=

r(n.2)=(y-y) +(z—2)°,

where y, zo — coordinate of center of D;,; u,, — mean blood velocity; u;,, —

maximum blood velocity.
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Fig. 4. Mean inlet blood flow velocity in basilar artery

According to [13] mean blood velocity in basilar artery is 0.397 m/s. For modeling
it was used the following function of mean (Fig. 4).
For outlet boundaries D out» Diight,our Was applied free flowing conditions

(Neumann condition):
Oou

on

Dleﬁ, out (7)

ou

on
Dright, out

where n — external normal t0 Diegy guts Dright, out-

For vessel wall was applied the no-slip condition (4).

On C++ programming language was developed software for computing system of
equations of mathematical model of blood flow through basilar artery (1), (3) — (7) with
usage of MPI technology.

Solving equations (1), (3) is high computationally costly. Hence, for solving the
Lomonosov supercomputer of MSU was used [14]. As of January 2014 Lomonosov
supercomputer by performance takes:

— 1 place in Top50 list (supercomputers list of CIS) [15];

— 37 place in Top500 list (world supercomputers list) [16];

— 43 place in Graph500 (world supercomputers list, oriented on solving DIC (Data
Intensive Computing) problems) [17].

Supercomputer consists of more than 5000 computational nodes with peak
performance of 1.7 Pflops. Main processor for computational nodes is Intel Xeon 5570
Nehalem [18]. CPU frequency is 2.96 I'T1, number of cores — 4, number of threads — 8.
Computational nodes are joined by QDR InfiniBand bus.

Software runs with following parameters: N = 256, n = 2048, where N — numbers
of computational nodes; n — number of MPI-processes.

Time period of ¢ €[0;1]s was modeled with time discretization step dt = 0.0001s.

Computation results show on Fig. 5.
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Fig. 5. Basilar artery bifurcation region:
a — pressure distribution at # = 0; b — velocity field at ¢ = 0; ¢ — basilar artery perpendicular slices
att=0.133; d — basilar artery longitudinal slices at #=0.133

Discussion. Thus, mathematical model of blood flow through basilar artery was
developed. Using this model hemodynamics parameters and wall shear stress can be
computed. This information can be used for forecasting of basilar artery aneurysm
emergence and development.
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AHHOTaUMs: BO3HNKHOBEHHE aHEBPU3MBI Oa3MIIIPHOM apTEepHUH CBA3AHO C HAPy-
IIEHNEM TeMOJWHAMHKH. [yl NMpOrHO3MpOBaHWS BO3HMKHOBEHHSI AHEBPHU3MBI IIPH-
MEHSIOTCS Pa3IMYHbIE METOJbl HATYPHBIX M YHCIEHHBIX 3KCIepUMEHTOB. OnHako
HanOONBIINI MHTEpEC MPEACTABISAIOT CO00M MaTeMaTHIECKHE METOIbI pacueTa reMo-
TUHAMAYECKHX MapaMeTpoB B oOmactu Oupypkamum Oa3smisipHOil aprepun. B pabore
IpeATIoKeHa MOJENb I'eMOANHAMUKY B YaCTHBIX HMPOM3BOJHBIX IJISI pacyera Tpexmep-
HOTO TEUCHHUsI KPOBU M0 OazmisipHON aprepun. C IMOMOINBIO MOJEIN BO3MOYKEH pacyeT
OCHOBHBIX T€MOJMHAMHUUYECKHX M1apaMETPOB TEUCHUS] KPOBU U BBIYHMCIIEHHE NTPUCTEHOY-
HOTO HalpsHKEHUsI CIIBUra, KOTOPOE OKa3bIBaeT CYIIECTBEHHOE BIIMSHHE Ha 00pa3oBa-
HHE M pa3BUTHE aHEBPU3MBI Oa3WISIpHOM aprepuu. Takike BO3ZMOXKHO HCIIOJIb30BaHHE
pa3paboTaHHOI MOETH B MHOIOMACIITa0OHBIX MOAEISX FeMOJAUHAMUKH, TO3BOJISIOIINX
00BEAMHUTH MOJIENIN TeMOIMHAMHUKH PA3HOTO YPOBHS JCTAIH3ALIH.
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Mathematische Modellierung der Bewegung des Blutes
auf dem Gebiet der Bifuraktion der Basilararterie

Zusammenfassung: Das Entstehen die Aneurysmen der Basilararterie ist mit
der Verletzung der Himodynamik verbunden. Fiir die Prognostizierung des Entstehens
die Aneurysmen werden verschiedene Methoden der Auflen- und numerischen
Experimente verwandt. Jedoch stellen das meiste Interesse die mathematischen
Methoden der Berechnung der hemodynamischen Parameter auf dem Gebiet der
Bifuraktion der Basilatarterie dar. In der Arbeit ist das Modell der Himodynamik in den
privaten Ableitungen fiir die Berechnung der dreimefigen Stromungen des Blutes nach
der Basilararterie angeboten. Mit Hilfe des Modells ist die Berechnung der
hdmodynamischen Hauptparameter der Stromung des Blutes und die Berechnung der
Wandanstrengungen der Verschiebung mdglich, die den wesentlichen Einfluss auf die
Bildung und die Entwicklung die Aneurysmen der Basilararterie leistet. Auch ist die
Nutzung des entwickelten Modells in den mehrgroBziigigen Modellen der
Hamodynamik, zulassend moglich, die Modelle der Hdmodynamik verschiedenen
Niveaus der Detaillierung zu vereinigen.

Modélage mathématique du courant de sang
dans le domaine de la bifurcation de I’artére basilaire

Résumé: L’occurence de I’anévrysme de Dartére basilaire est liée a 1’instabilité
de ’hémodynamique. Pour la prévision de 1’occurence de I’anévrysme sont employées
de différentes méthodes des expériments naturels et numériques. Le plus grand intérét
présentent les méthodes mathématiques du calcul des paramétres hémodynamiques dans
le domaine de la bifurcation de I’artére basilaire. Est proposé¢ le modéle de
I’hémodynamique dans les dérivées particuliéres pour le calcul du courant de sang par
une artére basilaire. A 'aide de ce modéle est possible de calculer des essentiels
paramétres hémodynamiques du courant de sang ainsi que la tension du décalage qui
influence sur la formation et le développement de 1’anévrysme de [’artére basilaire.
Il est possible d’utiliser le modele élaboré dans les modeles de grande échelle de
I’hémodynamique permettant d’unifier les modéles de ’hémodynamique de différents
niveaux des détails.

ABTopbl: @Pponos Cepzeii Braoumuposuy — 10KTOp TEXHUYECKUX HAYK, ITpodec-
cop, 3aBeqyromumi kadenpoit «brnomenunuHckas Texaukay; Cundees Cepeeit Bauecnaso-
euy — actiupanT Kadeapsl «buomenunuHckas texuukay, ®I'BOY BIIO «TI'TY»; Junw
Jumep — PhD, npodeccop kadeapsl MexaHUKH, MIOHXCHCKUI YHUBEPCHUTET MPHUKJIa/I-
HbIX Hayk, I. MionxeH (['epmanus); Baracco Andpea — PhD, npodeccop, umxenep
MEKIUCIUTUIMHAPHOW HCCIIEIOBATEIIECKON JIa00OpaTOPUHN HEBPOJIOTHYCCKOTO IICHTPA
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HUSA).
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