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I. LIMIT OF FUNCTION 

1. Limit of function at x  .  

Let function 
1

2y
x

  . Let’s consider a function at x  . We will write the 

table of this function and draw this function  graph  

х 1 2 10 100 1000
у 2 2,5 2,1 2,01 2,001

 
We remark, that function is being de-
creased to 2 when the argument х, is be-
ing increased or we can say that the graph 
of the function approaches closer to the 
line 2y  . It is possible to describe it 
other way. For example the function con-
verges to 2. But in mathematics every-
thing should be described only one way.  

Let’s find the distance from an arbi-
trary point М(х,у) of the function 

1
2y

x
   graph to the line 2y  :  

1 1 1
( ) 2 2 2f x

x x x
      . 

 Then the fact that the function 
1

2y
x

   at x   has limit 2 means that the 

distance from an arbitrary point М(х,у) of the function 
1

2y
x

   to the line 2y  , 

can be smaller then any given number for sufficient large х. 

 For example if 10x  , then  
1 1

( ) 2
10

f x
x

   ; 

if 100x  , then 
1 1

( ) 2
100

f x
x

   .  

It is possible to find sufficiently small number 0  , that 
1 1

( ) 2f x
x 

   , 

for all 
1

x


 . 

Let’s introduce definition of the function’s limit at unrestricted х.  

Рис. 1 
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 Definition.  Number А is called the limit of the function ( )y f x  at x  , if 
for all positive 0   there exists such positive number N that for all х, satisfying 

x   N, we have   f x A   . 

 Limit is denoted   lim
x

f x A


 . 

 For function 
1

2y
x

   we have 
1

2lim 2
x x

   





. 

Geometric sense of limit x  . 
If the function ( )y f x  has  limit  А, then it means, if for every positive number 

0   there exists such positive number N, that for all arguments x satisfying x   N, 
we have 

  f x A   .     (1) 

Let’s transform (1), using properties of module: 

 f x A     , 

or   

 A f x A      .     (2) 

 Неравенство (2) показывают, что график функции  ( )y f x  для всех х, 
превосходящих число N, содержится в полосе, ограниченной прямыми  
y A    и y A   . 

 

  

Рис. 2 

 Definition in the  case x is introduced analogously. 
  Definitionе. Number А is called a function ( )y f x  limit at x  if for all 
positive 0   exists such positive number N that for every values  х satisfying the 

relation x  N, the inequality   f x A   . is true. 

Обозначение:   lim
x

f x A


 .  
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Geometric sense of limit at x    is analogous to the geometric sense of 
function’s limits at x  . If  lim

x
f x A


 , then for every positive number 0   

there exists such positive number N that for all  х, satisfying the condition x  N, 
the graph of the function is in the set bounded with the lines y A    и y A   .
  

For the function 
1

2y
x

   we obtain 
1

2lim 2
x x

   





. 

 
Picture 3 

Example. Prove 
3 1

lim 3
x x

x


   
 


.  

 Solution. Let’s choose an arbitrary number 0   and let’s conder   f x A . 

In this case   
3 1

, 3
x

f x A
x


  :   3 1 1 1

| 3 |
x

f x A
x x x

 
     . 

It is sufficient 
1

x


  to satisfy the 

inequality 

  3 1 1
| 3 |

x
f x A

x x


        The 

number х is positive because we consider 

x   We may suppose N=
1

 . So we 

obtain for all 0   there exists positive 

Рис. 4 
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such number N =
1

   that for all х, satisfying the condition x   N=
1

 , the inequality 

 
3 1

3
x

x


   is true. It means that 
3 1

lim 3
x x

x


   
 


. 

See graph of the function on the pic 4. 
 

2. Limit of function at x a .  

Let’s introduce the definition of limit at a point. Let’s consider the function 
( )y f x  defined on an interval, containing point x a . 

Definition. The number А is called a limit of the function ( )y f x  at x a  
(or at the point a), if for an arbitrary number 0   there exists such number 0   
that for all х satisfying the condition 

0 x a    ,  (3) 

 the inequality   

  f x A   .  (4) 

is true. 
The limit of the function ( )y f x  at the point а  is denoted   lim

x a
f x A


 . 

The geometric sense of this definition is following. The inequalities (3) mean that 
the distance between the  points х and a is not larger then  , hence it is contained in 
the interval ( ; )a a   . The inequality (4) means that the values of the function 

( )y f x  are in the interval (A A    . The dots of the graph ( )y f x  must be in 

the set bounded with the lines y A    и y A   . See pic. 5. 

 
Pic. 5 

Example.   Find limit of the function  у=3х–1 at  x→1  



7 
 

Usng the graph of the (pic. 6) we can see thet if если x →1  from any side then 
points M(x, y) of the graph converge to the point M(1, 2) hence we may suppose 

 
1

lim 3 1 2
x

x


  . Let’s prove it. Let’s take an arbitrary number ε > 0 and consider the 

conditions when the inequality |(3x–1) – 2|<ε or |3x–3| < ε  is true. Hence   

So of we suppose 
3

  , then for all x 

satisfying the inequality |x– 1|<δ  the in-
equality |(3х-–1) –2| < ε is true. Accord-
ing to the definition of limit it means that 
2 is the limit of the function y=3x –1 at 
x→1. 
 In the considered example the limit 
of the function at x →1 equals to the val-
ue of the function at x=1. It is true not for 
all functions but only for those which 
have smooth line as a graph. When we 
draw the graph of a function y = f(x) we 
see that when the argument х converges 
to the point а then the value y = f(x) con-
verges to f(а). 
Let’s give the strict definition of contin-
uous function. Let us have the function 

( )y f x . 
Definition. The function ( )y f x  is called continuous at the point x0  if it is de-

fined at this point and at the vicinity of this point  
0

0lim ( )
x x

f x f x


 . 

 Remark. When the limit of a continuous function at the point x0  is calculated it 
is ought to substitute the value x0  to the function then we obtain the limit at the point. 
 Example. Calculate 

2

3lim
x

x


. 

The function is continuous at the point 2x   . Then 

2 2

3

2

3( 2li )m ( 8i )lim l m 8
x x x

x
  

      . 

 
3. Unilateral limits.   

Let us have the function 
1

y
x

 . 

And let’s consider behaviour of the func-
tion near the point 0x   (pic. 7.)  

 
When the argument х  к нулю from 

right-hand side then values of the func-
tion are being increased., y  , but 

Рис. 7 

Рис. 6 
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when x converges to zero from left-hand side the function is being decreased y 
. In this case we see that limit depends on method of converging. 

Therefore unilateral limits are considered. 
  
Definition. Number 1 A  is called as a function ( )y f x  limit on the left at the 

point a, if for every number 0   there is such number 0   that at  

( ; )x a a   the inequality   1 f x A    is true. 

 Notation   1
0

lim
x a

f x A
 

 . 

Definition. Number 2 A  is called a limit of the function ( )y f x  on the right at 

the point a, if for every number 0   exists such 0   that for ( ; )x a a    the 

inequality   2 f x A  
 
is true. 

 Notation:    2
0

lim
x a

f x A
 

 . 

 Function limits on the right and on  the left are called unilateral limits. It is 

possible to prove that if unilateral limits equal each other  1 2 A A A   (pic. 8, b)) 

then limit of a function at the point a exists and equals unilateral limits  lim
x a

f x A


 . 

It unilateral limits are different 1 2 A A  or though one of them does not exist 

then limit of a function at the point a does not exist too (pic..8, a), c)). 

 

a)     b)      c) 

Pic. 8 

From function limit we obtain that limit of a constant equals this constant 
lim
x a

cc


 , where c-const. 

 Let’s consider the graphs of some elementary functions that will be useful for 
investigating functions.   
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Hyperbola   

 

0 0

1
lim

x x 
  , 

0 0

1
lim

x x 
   , 

lim 0
1

x x
 , lim 0

1
x x

  . 

 
 
 
 

 
Exponent xy a  

  
a  : 

lim 0x

x
a


 , 

lim x

x
a


  ; 

0 a : 
lim x

x
a


  , 

lim 0x

x
a


  . 

 
Logarithm logay x  

  
a  : 

loli gm a
x

x


  , 

0 0
loglim a

x
x

 
  ; 

0 a : 
loli gm a

x
x


  , 

0 0
loglim a

x
x

 
  . 
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Inverse trigonometric functions 
 
 

y arctgx : 

lim
2x

arctgx



 , 

lim
2x

arctgx



   ; 

 

 
 

y arcctgx : 
lim 0
x

arcctgx


 , 

lim
x

arcctgx 


  . 

 

 

4. Infinitesimal functions and there properties. 
Definition. Function  ( )x   is called infinitesimal at x a  (or x  ), if  

 lim 0
x a

x


  (or   lim 0
x

x


 ). 

Fuction 2( ) ( 1)x x    is infinitesimal at 1x    because 

   2

1 1
lim lim 1 0
x x

x x
 

   . Function 
1

( )x
x

   is also infinesimal, at x   because . 

Properties of infinitesimal functions.  
1. Algebraic sum of finite number of infinitesimal functions is also an in-

finitesimal.  
Corollary 1. Product of two infinitesimals is an infinitesimal function. 
Corollary 2. Product of an infinitesimal function and a constant is an infinites-
imal. 
Quotient of division an infinitesimal by function having nonzero limit is an in-
finitesimal. 
Comparison of infinitesimal functions. 
The quotient of two infinitesimal functions is determined unambiguously. Dif-

ferent cases are possible.  
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Let ( )x  and ( )x  be infinitesimal functions at x a . Then if 
 
(

im
)

l 0
x a

x

x




 , 

then ( )x  is called an infinitesimal of higher order of smallness with respect to ( )x : 

( ) ( ( ))x x   ; 

1) 
 

lim
(

0
)x a

x
A

x




  , then ( )x  and ( )x  infinitesimal of the same order; if 

1A   then they are called  equivalent infinitesimal: ~( ) ( )x x  ; 

2) 
 

lim
( )x a

x

x




  , then ( )x  is called  an infinitesimal of higher order of 

smallness with respect to с ( )x : ( ) ( ( ))x x   . 

So a relation of two infinitesimal is an indefinite value and is denoted 
0

0
 
  

.  

To solve the indeterminancy 
0

0
 
  

 it is often useful to replace an infinitesimal 

with equivalent one. if 1( ) (~ )x x , 1~( ) ( )x x   and x a  and there exists 

 1

1

l m
)

i
(x a

x

x




, then 
 
( )

lim
x a

x

x




 also exists and  

   1

1

lim li
( ( )

m
)x a x a

x x

x x

 
  

 . 

Some important equivalences are given below. For example, at 0x  : 

sin ~x x ; 1 ~xe x ; 
~tgx x ; l~1 nxa x a  ; 

arcsin ~x x ; ln(1 ) ~ xx ; 
~arctgx x ; log (1 ) log~a ax ex  ; 

2

2
1 ~

x
cosx ; 

(1 ) 1 ~ , 0,k xx k k    

1 1 ~
2

x
x  . 

We will consider using of this equivalences in the next section. 
  
5.  Infinitely large functions and their properties. 
Definition. Function ( )y f x  is called infinitely large at x a , if for every 

positive number N, exists such number 0    that for all х, satisfying 0 x a      

 the inequality   f x N .is true. 
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 The example of infinitely large function is 
1

y
x

  at  0x   (рис.7). 

 Infinitely large function hasn’t finite limit at x a , its limit is infinity. If the 
function has only positive values then it is ought to write  lim

x a
f x


  , if only nega-

tive then  lim
x a

f x


  . 

 Properties of infinitely large functions  
1. The sum of infinitely large function and limited function is an infinitely large 

function. 
Remark. Sum of infinitely large functions is an infinitely large function. 

      ; the result of infinitely large functions subtraction is an indefinite val-

ue   ?    solving such indefinites will be considered below.  

The product of infinitely large function and a function with nonzero limit is an in-
finitely large function.  

2. The ratio of infinitely large function and a function having limit at a point is an 
infinitely large function. R 

Remark. The result of division infinitely large function with infinitely large func-

tions an indefinite value and id denoted 
 
  

 abd the method of solving such in-

definites will be considered below.  
Relations between the infinitesimals and infinitely large  functions. 
If the function ( )x   converges to zero at x a  (or x  )  and does not 

transform into zero then the function 
1

( )
( )

f x
x

  converges to infinity.  

 
6. Basic theorems about function limits  

Esides function ( )y f x  can not have more than one limit at x a . 

1) If every function of ( )f x  and ( )x  has limit at x a , then sum, subtraction 

and product of this functions also have limits and 

       lim lim lim
x a x a x a

f x x f x x 
  

     ; 

       lim lim lim
x a x a x a

f x x f x x 
  

    . 

Besides if  lim 0
x a

x


  then the ratio 
( )

( )

f x

x
 has limit and 

lim ( )( )
lim

( ) lim ( )
x a

x a
x a

f xf x

x x 





 . 

 Corollary 1. Constant multiplier can be taken out of limit  

   lim lim
x a x a

cf x fc x
 

    . 
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 Corollary 2. If  lim
x a

f x A


  and n – is a natural number then  

   lim lim
nn

x a x a
f x f x

 
       , 

in particular 

lim (lim( ))
x a x a

n n nxx a
 

 . 

2) If  
0

0lim
x x

x u


 , but  
0

lim
u u

Af u


 , то  
0

(lim )
x x

f x A


 . 

 
7. Remarkable limits. 

Let’s consider the function 
sin

( )
x

f x
x

 , the is not defined at 0x  . There ex-

ists the theorem proving that limit of the function exists  

0

sin
lim 1
x

x

x
 .         (*) 

This limit is called: first remarkable limit.  

It follows from the formula (*) that 
0

lim 1
x

tgx

x
 . 

This formulae are used to solve the indeterminancy 
0

0
 
  

 in the case if the func-

tion contains trigonometric function. 

The second remarkable limit is used  to solve indefinites 1   .  

 Let’s consider the function  
1

( ) (1 )xf x
x

  . Here is the indeterminancy 1   .  

There it the theorem which states that  limit of the function 
1

( ) (1 )xf x
x

   at 

x   exists and equals е: 
1

lim(1 )x

x
e

x
  . 

 The second remarkable limit has else one form 
1

0
lim(1 ) y

y
y e


  . 

 The examples are given in the next section  
 

II. Examples of typical problems solutions.  
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1. Let’s consider the tasks 
 
 x

xf
x 
lim  with indeterminancy of the 

formс 







, where  xf  and  x  in the general case are complicated de-

gree or exponential function  

а) 











 2

2

47

143
lim

x

xx
x

. 

Let’s find the greatest degree of x in the numerator в and in the de-
nominator. It is x2. Let’s divide the numerator and the denominator by x2:  

4

3

4
7

14
3

lim
47

143

lim

2

2

2

2

2

222

2













x

xx

x

x

x

xx

x

x

x

xx
. 

б) 

















555

2

5

3

5

5

2

35

123

47

lim
123

47
lim

xx

x

x

x
x

x

x

x

xx

xx
xx

 







 0

7
123

4
7

lim

542

2

xxx

x
x

. 

в) 

















444

3

4

4

44

34 12

24

lim
12

24
lim

xx

x

x

x

x

x
xx

x

xxx

x
xx

 

0
1

0
121

1

24

lim

43

43









xxx

xx
x

. 

г) 











 x

xxxx
x 72

3512427
lim

3 23

. 
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Let’s find greatest degree of x in the numerator and in the denominator. 
This is x1. 

Let’s consider 3 23 12427  xxx  (let’s bring number x3 under root) 

3
32

3
32

3 124
27

124
27

xxx
x

xxx
x 






  . 

Let’s substitute the expression to this limit and divide the numerator and 
the denominator by x1 : 









x

x

x

xx

x

x
xxx

x

x 72

35
124

27

lim

3
32

 

7

1
1

7

8

7
2

3
5

124
27

lim

3
32









x

xxxx
x

. 

2. Let’s consider the tasks 
 
 x

xf
xx  0

lim  with indeterminancy of the form 




0

0

. In this case it is necessary to decompose into multiples numerator and 
denominator to multiply the numerator and the denominator pf the fraction 
the same expression. 

а) 
  
   6

43

33

43

33
lim

127

9
lim

32

2

3













 xx

xx

xx

x
xx

. 

[We factorize the numerator according to the formula 

  yxyxyx  22 ]. 

We factorize the expression 
  

4
2

17
;3

2

17

14849

43127

21

2












xx

D

xxxx

 

б) 
  

  














 4325

325325
lim

0

0

4

325
lim

2

22

4

2

4 xx

xx

x

x
xx
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(Let’s multiply the numerator and the denominator with the expression in-

terfaced the numerator: 325 2  x . In the numerator we will obtain 

  325325 22  xx ). 

     












 4325

16
lim

4325

925
lim

2

2

42

2

4 xx

x

xx

x
xx

 

  
   9

8

4325

44
lim

24







 xx

xx
x

. 

в) 
   
    













 22232

2223223
lim

0

0

2

223
lim

22 xxx

xxx

x

x
xx

 

It is necessary to multiply  the numerator and the denominator the inter-

faced expression:   2223  xx  

  
  

  
  

 













 4

223

2232

223
lim

2232

2423
lim

22 xx

xx

xx

xx
xx

 

2
2

3

4

26
 . 

3. Let’s consider the indeterminancy   . 

а)  











 8

82

2

1
lim

32 x

x

xx
. 

We have the indeterminancy   . 

Let’s reduce the fractions to common denominator 

      






 422

4
lim

422

8242
lim

2

2

22

2

2 xxx

x

xxx

xxx
xx

 

  
   3

1

12

4

422

22
lim

22






 xxx

xx
x

. 

б)    


xxx
x

52lim 2 . 

We have indeterminancy of the form   . 
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Let’s multiply and divide the function the expression interfaced it. 

  










 xxx

xxx

xxx

xxxxxx
xx 52

52
lim

52

5252
lim

2

22

2

22

 

xxx

x
x 




 52

52
lim

2
. 

Let’s find the greatest degree of the fraction This is x1, hence: 

1

1
52

1

5
2

lim

2








xx

x
x

. 

Also at x  
2

5
;

1
;

5

xxx
 – are infin.itesimals 

Remarkable limits e
x

x

x







 



1
1lim . 

4. Let’s consider the tasks with the indeterminancy  1 . 

а) 

23

2

2

12

32
lim

x

x x

x


 











. 

We have indeterminancy  1 ,  

1
2

2
1

2

3
2

lim
12

32
lim

2

2

2

2












x

x
x

x
xx

. 

Find the integer part of the fraction: 

   



























12

4
1

12

4
1

12

412

12

3112

12

32
222

2

2

2

2

2

xxx

x

x

x

x

x
 

 x
x





12

4
2

 – is an infinitesimal at x . 

We will multiply the degree    









x

x
1

, it retains the equality 
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


















































2

2

2 3

12

4

4

12

2 12

4
1lim

x

x

x

x x
 

612

12
lim

12

1212

12

4

12

2

2

2

2

22

2

2

lim
12

4
1lim eee

x
x

x

x

x

x

x

x

x

x

x 



























 








 . 





















 

6
1

2

12
lim

12

12
lim

2

2

2

x
x

x
xx

. 

б) 
x

x x

x
3

0 12

1
lim 












. 

We have the indeterminancy  1 , because 1
12

1
lim

0





 x

x
x

. 

Let’s find the integer part 
   














12

12

12

11212

12

1

x

xx

x

xxx

x

x
 













12

1
x

x
. 


















































































12

3
12

0

3

12

12

0 12
1lim

12
1lim

x
x

x

x

xx

x

x

x

x x

x

x

x
 

.312

3
lim

0 ee
xx  


  ( e
x

x x

x

x


























12

0 12
1lim ). 

в) 
 

x

x
x 5

3ln3ln
lim

0




. 

We have the indeterminancy 




0

0
. 
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Let’s use the logarithm property ( ;logloglog
c

b
cb aaa   

n
aa xxn loglog  ). 

x

x

x

xxx

xxx

xx

x
5

1

0

5

1

000 3
1lnlim

3

3
lnlim

3

3
ln

5

1
lim

5
3

3
ln

lim 





 






 







 






. 

Logarithm is a continuous function, hence the symbols lim and ln can be 
replaced  

15

1
15ln

3
1limln

3
1limln 15

1

3

3

0

5

1

0







 






 




e

xx x

x

x

x

x

x
. 

5. 1
sin

lim
0


 x

x
x

. 

а) Calculate 
x

x
x

tg
lim

0
. 

1
cos

1
lim

sin
lim

cos

sin
lim

0

0tg
lim

0000






 xx

x

xx

x

x

x
xxxx

. 

Так как 1
sin

lim
0


 x

x
x

; 1
0cos

1
lim

0


x
. 

б) 
x

x
x

arcsin
lim

0
. 

We have the indeterminancy 




0

0
. 

We will substitute yx arcsin   yx sin  at x  0; y  0, then we ob-

tain 

1
sin

lim
arcsin

lim
00


 y

y

x

x
yx

. 

в) 









 x

xx

x

xx
xx 4

3cos5sin2
lim

0

0

4

8sin2sin
lim

00
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(We applied the formula 
2

cos
2

sin2sinsin
yxyx

yx


  for the nu-

merator.  
). 

2

5

4

10

4

3cos5
5

5sin
2

lim
0





 x

xx
x

x

x
. 

(because cos (30) = cos 0 = 1). 
 

Tasks for training 

1. 
24

84
lim

7

53




 x

xx
x

;       
x

xx
x 23

127
lim

8





;     

x

xxx
x 


 3

2629
lim

3 3

 

   
42

112764
lim

3 23




 x

xxx
x

;         xxxx
x

42152lim 22 


; 

   
3

3

74

32
lim

x

xx
x 




;                              65424lim 22 


xxx
x

. 

2. 
44

2
lim

2

2

2 


 xx

xx
x

;           
9

27
lim

2

3

3 


 x

x
x

;             
96

127
lim

2

2

3 


 xx

xx
x

; 

   
62

6
lim

2

2

2 


 xx

xx
x

;   
 2
2

3 3

65
lim




 x

xx
x

;   
2

23
lim

2

2

1 


 xx

xx
x

;   
16

45
lim

2

2

4 


 x

xx
x

. 

3. 
2

11
lim

2 


 x

x
x

;         
5

8113
lim

2

5 


 x

x
x

;          
7

49
lim

2

7 


 x

x
x

; 

    
33

22
lim

0 


 x

x
x

;    
x

x
x 


 225

21
lim

3
;             

3

572
lim

2

3 


 x

x
x

; 

    
335

773
lim

0 


 x

x
x

. 

4. 
4

52

12
lim













 x

x x

x
;   

x

x x

x
24

8

2
lim















;                

x

x xx

x












 42

1
lim

2

2

; 
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x

x x

x
1

47

34
lim 












;         

43

2

2

82

14
lim



 











x

x xx

xx
;    

x

x x

x












 2

23

17
lim . 

5. 
x

x
x sin3

10tg
lim

0
;                     

x

x
x cos2

3tg
lim

0
;              

20

2coscos
lim

x

xx
x




; 

    
20

4sinsin
lim

x

xx
x




          
20 2

4cos1
lim

x

x
x




. 

III. Tasks for individual training  
Find the limits 

I 

1. а) 










 1

1

1

1
lim

21 xxx
;              б) 

8253

8152
lim

2

2

8 


 xx

xx
x

. 

2. а) 










 xxxxx 220

1

2

1
lim ;           б) 

276

1534
lim

2

2

3 


 xx

xx
x

. 

3. а) 










 1

31
lim

321 xxxx
;               б) 

6166

9
lim

2

2

3 


 xx

x
x

. 

4. а) 
132

25
lim

25

5




 xx

xx
x

;                   б) 
33

22
lim

0 


 x

x
x

. 

5. а) 
x

xx
x 3

44
lim

0




;               б) 
62

6
lim

2

2

2 


 xx

xx
x

. 

6. а) 
643

123
lim

23

23




 xxx

xxx
x

;            б) 
2

2

0

93
lim

x

x
x




. 

7. а) 
1

12
lim

2

2

1 


 x

xx
x

;                     б) 
732

132
lim

2 


 x

x
x

. 

8. а) 
5112

10122
lim

2

2

5 


 xx

xx
x

;                б) 
xx

xx
x 23

154
lim

2

8





. 

9. а) 
2

35
lim

4 


 x

x
x

;                      б) 
12

7957
lim

2




 x

xxx
x

. 

10. а) 
3

697
lim

2

3 


 x

xx
x

;              б) 
41028

134
lim

23

2

1 


 xxx

xx
x

. 
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11. а) 
43

33
lim

2

2

1 


 xx

xx
x

;               б) 
15

222429
lim

3 23




 x

xxxx
x

. 

12. а)  28129lim xx
x




;            б) 
1

2334
lim

2

1 


 x

xx
x

. 

13. а)  86488lim 2 


xx
x

;      б) 
47

135
lim

8

24




 x

xx
x

. 

14. а)  23lim 


xx
x

;          б) 










 9

6

3

1
lim

23 xxx
. 

15. а) 
xx

xx
x 3

96
lim

2

2

3 



;                    б) 

2

223
lim

2 


 x

x
x

. 

16. а) 
  

 !1

!153
lim

2




 n

nn
n

;              б) 
3 562

24 8

152715

3102
lim

xxxx

xxx
x 




. 

17. а) 
435

324

27

310
lim

xxx

xxx
x 




;           б) 
13

23
lim

1 


 x

x

x
. 

18. а) 
 
 !1

!1
lim




 x

xx
x

;                         б) 
56

12142
lim

2

2

1 


 xx

xx
x

. 

19. а) 
 
 !1

!!1
lim




 x

xx
x

;                      б) 
2

35
lim

4 


 x

x
x

. 

20. а) 
3 3

2

52

299
lim




 x

xx
x

;               б) 
2

2

0 3

42
lim

x

x
x




. 

II 

1. а)     32ln12lnlim 


xxx
x

;   б) 
xx

x
x sin3

2cos1
lim

0




. 

2. а) 
x

xx
x 2

sin3sin
lim

0




;                         б)   x

x

x
x






3

0
21lim . 

3. а) xx
x

tg
2

π
lim

2

π






 



;                         б) 
x

x x

x
5

21

3
lim













. 
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4. а)  2sin

63
lim

2 


 x

x
x

;                             б)   2
6

0
41lim 


 x

x
x . 

5. а) 
23

3
lim














x

x x

x
;                         б)   x

x

x
x






3

0
21lim . 

6. а)   x

x

x cos

3

2

π
cos21lim 



;                    б) 
x

x x

x
2

4

3
lim















. 

7. а)      3ln3ln2lim 


xxx
x

;      б) 
20

2cos1
lim

x

x
x




. 

8. а) 
30

sintg
lim

x

xx
x




;                            б) 
2

3

2

2

0 13

14
lim

x

x x

x













. 

9. а)   2

1

0
coslim x

x
x


;                               б) 

 
2

2

0 2

5ln5ln
lim

x

x
x




. 

10. а) 
x

x x

x
4

2

2

0 33

23
lim



 











;                        б) 
xx

x
x 7sinsin

7
lim

0 
. 

 
III. Find the limits using equivalent infinitesimal. 

1. 
x

x
x 8

2arctg
lim

0
                                  11. 

x

x
x 2arctg

3sin
lim

2

2

0
 

2. 
 

x

x
x 10

51ln
lim

0




                               12. 
x

x
x 4

3arctg
lim

0
 

3. 
x

e x

x 2sin

1
lim

5

0




                                    13. 
x

x
x 2arcsin

sin5
lim

0
 

4. 
 

4

2tg
lim

22 


 x

x
x

                               14. 
xx

x
x sin3

arcsin
lim

2

0
 

5. 
x

x
x 4tg

arcsin2
lim

0
                                15. 

x

x
x arctg3

5
lim

0
 

6. 
x

x
x 2tg

5arctg
lim

0
                                 16. 

x

x
x 2

arcsin6
lim

0
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7.  x

x
x 21ln

sin3
lim

0 
                              17. 

x

xx
x arcsin

sinsin5
lim

0




 

8. 
x

e x

x 2tg

1
lim

5

0




                                 18. 
xx

x
x arcsin

2cos1
lim

2

0




 

9. 
x

x
x 4tg

arcsin8
lim

0
                             19. 

xx

x
x  20

arcsin6
lim  

10. 
xx

x
x 32

6arctg
lim

20 
                           20. 

x

xx
x arctg8

24
lim

2

0




. 
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