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I. LIMIT OF FUNCTION
1. Limitof function at x — o,

. 1 ) X X X
Let function y =2+—. Let’s consider a function at x — +oo. We will write the
X

table of this function and draw this function graph

X 1 2 10 100 1000

y 2 2,5 2,1 2,01 2,001

We remark, that function is being de-
creased to 2 when the argument x, is be-
ing increased or we can say that the graph
of the function approaches closer to the
line y=2. It is possible to describe it
other way. For example the function con-
1T+ verges to 2. But in mathematics every-
A thing should be described only one way.

10 2 3 4 5 6 7 Let’s find the distance from an arbi-
| trary point M(x,y) of the function

Puc. 1
|

X

1

x|

1 1
y =2+~ graph to the line y =2 ‘f(X)—2‘=‘2+;—2‘=
X

) 1 ..
Then the fact that the function y =2+— at x — +oo has limit 2 means that the
X

1
distance from an arbitrary point M(x,y) of the function y =2+— to the line y =2,
x

can be smaller then any given number for sufficient large x.
1 1
For example if x > 10, then ‘f(x)—Z‘ :H<E;
if x >100 , then ‘f(x)—2‘:i<i_
’ x| 100

1 1
It is possible to find sufficiently small number & > 0, that ‘f (X)—Z‘ =m < ~

1
for all X > —,
&

Let’s introduce definition of the function’s limit at unrestricted x.



Definition. Number 4 is called the limit of the function y = f(x) at x > 400, if
for all positive & >0 there exists such positive number N that for all x, satisfying

x> N, we have ‘f(x)—A‘ <e,
Limit is denoted lim f(x)=4.
. 1 . 1
For function y =2+— we have lim (2 +—j =2,

X X—>+00 X

Geometric sense of limit x — +oo .,
If the function y = f(x) haslimit A, then it means, if for every positive number

& > 0 there exists such positive number N, that for all arguments x satisfying x > N,
we have

|/ (x)-4|<e. ()
Let’s transform (1), using properties of module:
—e< f(x)-A<e,
or
A-e< f(x)<d+e. (2)

HepaBenctBo (2) nokassiBatoT, 4yTo rpaduk GyHKIUU y = f(Xx) AJsg BCEX X,
IPEBOCXOMSIIMX YHUCIO NN, COAEPKUTCSI B II0JOCE, OIPAHUYEHHOM MPSMBIMU
yv=A-euy=4+¢.

y
A+eg
\ A
A-g y=s
/
- N N :
Puc. 2

Definition in the case X —>—90 is introduced analogously.
Definitione. Number A is called a function y = f(x) limit at X—>—°C if for all

positive &€ >0 exists such positive number N that for every values x satisfying the
relation x < — N, the inequality ‘f(x) - A‘ <& .1is true.

O6o3nauenne: lim f(x)=4.

X——®©



Geometric sense of limit at x — —oo is analogous to the geometric sense of
function’s limits at x — +oo. If lim f(x)= 4, then for every positive number ¢ >0

there exists such positive number N that for all x, satisfying the condition x <—N,
the graph of the function is in the set bounded with the lines y=A—-e¢un y=A+¢.

i 1 . ) 1
For the function y =2+— we obtain lim (2 + ;j =2,

X X—>—0

Picture 3

3x-1
Example. Prove hm( a j=3.

—>+00 X

Solution. Let’s choose an arbitrary number ¢ >0 and let’s conder ‘f (X ) - A‘ :
3x—-1 3x—1 -1 1

e

In this case f( ) ,A=3, ‘f A‘ =| _3|_

1
It is sufficient X > - to satisfy the

inequality

£ (x)— 4| =2 1—3|_||<8The

number x 1s positive because we consider

1
x = +oo We may suppose N= P So we

obtain for all & > 0 there exists positive




1
such number N = that for all x, satisfying the condition x > N:; , the inequality

3x—1
X
See graph of the function on the pic 4.

-3

. 3x—1
<& is true. It means that llm( al j=3.

X—>+00 X

2. Limit of functionat x »> a

Let’s introduce the definition of limit at a point. Let’s consider the function
vy = f(x) defined on an interval, containing point x = a..
Definition. The number A is called a limit of the function y = f(x) at x > a
(or at the point a), if for an arbitrary number & > 0 there exists such number 6 >0
that for all x satisfying the condition
O<|x—a|<5, (3)
the inequality
£ (x)=4|<e. @
is true.
The limit of the function y = f(x) at the point @ is denoted lim f(x)=4.

xX—a

The geometric sense of this definition is following. The inequalities (3) mean that
the distance between the points x and a is not larger then o , hence it is contained in
the interval (a — 0;a +90) . The inequality (4) means that the values of the function
y = f(x) are in the interval (4 —€; A+ €). The dots of the graph y = f(x) must be in
the set bounded with the lines y=A—€eu y=A4+¢& . See pic. 5.

y
y=f(x)
A+e
A 2¢e
A—¢ / L
s "
0 a—o a a+o

Pic. 5

Example. Find limit of the function y=3x—1 at x—1



Usng the graph of the (pic. 6) we can see thet if ecnmu x —/ from any side then
points M(x, y) of the graph converge to the point M(1, 2) hence we may suppose
lim(3x—1)=2. Let’s prove it. Let’s take an arbitrary number & > 0 and consider the

x—1

conditions when the inequality |(3x—1) — 2|<e or |3x-3| < ¢ 1is true. Hence
So of we suppose 6 = %, then for all x

A satisfying the inequality |[x— 1|<¢0 the in-
equality |(3x—1) —2| < ¢ is true. Accord-

1 ing to the definition of limit it means that
dl v=3r—1 2 is the limit of the function y=3x —/ at
2T ' L x—1.

|+ In the considered example the limit
of the function at x —1 equals to the val-
54 3 2 -1 s 3 4 3 ue ofthq function at x=1. It is true.not for
all functions but only for those which
have smooth line as a graph. When we
draw the graph of a function y = f(x) we
see that when the argument x converges
to the point a then the value y = f{x) con-
verges to f(a).

Let’s give the strict definition of contin-
uous function. Let us have the function

y=f(x).

Definition. The function y = f(x) is called continuous at the point x, if it is de-
fined at this point and at the vicinity of this point lijn f(x)=f(x)).
Remark. When the limit of a continuous function at the point x, is calculated it

1s ought to substitute the value x, to the function then we obtain the limit at the point.
Example. Calculate lim x*.

The function is continuous at the point x =-2. Then
lim x° = lim (<2)° = lim (~8) = 8.

x—>-2

3. Unilateral limits.

. 1
Let us have the function y =—.
X

And let’s consider behaviour of the func-
tion near the point x =0 (pic. 7.)

When the argument x k Hymt0 from
right-hand side then values of the func-

tion are being increased., y — +oo, but




when x converges to zero from left-hand side the function is being decreased y — —©

. In this case we see that limit depends on method of converging.
Therefore unilateral limits are considered.

Definition. Number A4, is called as a function y = f(x) limit on the left at the
point a, if for every number & > 0 there is such number 6 > 0 that at
x € (a—0;a) the inequality ‘f(x) - AI‘ <& istrue.

Notation lim f(x)=4,.

Definition. Number A, is called a limit of the function y = f(x) on the right at
the point a, if for every number & >0 exists such 0 > 0 that for x € (a;a+0) the
inequality |/ (x)- Az‘ < & is true.

Notation: lim f(x)=4,.

x—a+0

Function limits on the right and on the left are called unilateral limits. Itis

possible to prove that if unilateral limits equal each other 4, = 4, = A (pic. 8, b))

then limit of a function at the point a exists and equals unilateral limits lim /' (x)= 4.

It unilateral limits are different 4, # A, or though one of them does not exist

then limit of a function at the point a does not exist too (pic..8, a), ¢)).

y Y Y
A

A

y=fx)

Pic. 8

From function limit we obtain that limit of a constant equals this constant

limc =c, where c-const.

xX—>a
Let’s consider the graphs of some elementary functions that will be useful for
investigating functions.



Hyperbola

lim l:+oo’ lim l:—oo

b

x—0+0 X x—0-0 X
| |
lim—-=0, lim—-=0 .
X—>+0 x X—>—0 x

Exponent y =a*

Yy
A
_ X
1 y=—da
>X
a>1: O<a<l:
lima* =0, lim a* =400,
X—>—00 X—>—©
lim a* =400, lima* =0 .
X—>+400 X—>+00

a>1: O<ax<l:

lim log, x = +o0, lim log, x = -0,

X—>+00 X—>+00

lim log, x=-o0; lim log, x =+o0.
x—0+0 x—>0+0



Inverse trigonometric functions
y

A

n Yy =arctgx :
2 y = arctgx ) T
lim arctgx = — |
>y X—>+0 2
T
= g X—>—0 2

lim arctgx =—— ;

> =

y=arcctgx :

lim arcctgx =0,

X—>+00

lim arcctgx = .
¥ = arcctgx X—>—00

X

Nﬂj E]

4. Infinitesimal functions and there properties.
Definition. Function o = a(x) is called infinitesimal at x - a (or x —00), if

lime (x)=0 (or lima(x)=0).

Fuction a(x)=(x+1)* is infinitesimal at x —» —1 because
)}Ll’l_’ll a (x) = }g{ll (x + 1)2 =0. Function a(x) = % is also infinesimal, at x — oo because .
Properties of infinitesimal functions.
1. Algebraic sum of finite number of infinitesimal functions is also an in-
finitesimal.
Corollary 1. Product of two infinitesimals is an infinitesimal function.
Corollary 2. Product of an infinitesimal function and a constant is an infinites-
imal.
Quotient of division an infinitesimal by function having nonzero limit is an in-
finitesimal.
Comparison of infinitesimal functions.
The quotient of two infinitesimal functions is determined unambiguously. Dif-
ferent cases are possible.

10



oalx
Let a(x) and A(x) be infinitesimal functions at x — a . Then if lim ( )= 0

x—a ﬁ(X)

b

then a(x) is called an infinitesimal of higher order of smallness with respect to £(x):

a(x) = o(f(x));

Coalx
1) hm(—) =A+#0, then a(x) and B(x) infinitesimal of the same order; if

x—a ﬂ(x)

A=1 then they are called equivalent infinitesimal: a(x) ~ S(x);

Coo(x
2) llrrlL = then fA(x) is called an infinitesimal of higher order of

x—a ﬂ(x)

smallness with respect to ¢ a(x): f(x)=o(a(x)).

So a relation of two infinitesimal is an indefinite value and is denoted [—} )

To solve the indeterminancy [5} it is often useful to replace an infinitesimal

with equivalent one. if a(x) ~ a,(x), B(x)~ f,(x) and x — a and there exists

i A e tim @ ()

a5 (x) = f(x)

also exists and

a(x) a,(x)

. .o
lim——< = [im —

= fx) o fi(x)

Some important equivalences are given below. For example, atx — 0 :

sinx ~ x ex—1~x;

gx ~x . a*—1~x-lna.
arcsin x ~ x . In(I+x)~x.
arcigx ~ x log,(1+x)~x-log, e
l—cosx~£- (1+x) =1~k-x, k>0,

b

\/1+x—1~§.

We will consider using of this equivalences in the next section.

5. Infinitely large functions and their properties.
Definition. Function y = f(x) is called infinitely large at x — a, if for every

positive number N, exists such number & > 0 that for all x, satisfying 0 < |x - a| <0

the inequality ‘f(x)‘ > N s true.

11



1
The example of infinitely large functionis y=— at x —0 (puc.7).
x

Infinitely large function hasn’t finite limit at x — a, its limit is infinity. If the
function has only positive values then it is ought to write lim f (x) =+, if only nega-

tive then li_1>nf(x) =—ow0,

Properties of infinitely large functions
1. The sum of infinitely large function and limited function is an infinitely large
function.
Remark. Sum of infinitely large functions is an infinitely large function.

[0+ 0] — +0 ; the result of infinitely large functions subtraction is an indefinite val-
ue [0 —o0] = ? solving such indefinites will be considered below.

The product of infinitely large function and a function with nonzero limit is an in-
finitely large function.

2. The ratio of infinitely large function and a function having limit at a point is an
infinitely large function. R

Remark. The result of division infinitely large function with infinitely large func-

tions an indefinite value and id denoted {z} abd the method of solving such in-

definites will be considered below.
Relations between the infinitesimals and infinitely large functions.
If the function o = a(x) converges to zero at x > a (or x > ) and does not

) ) 1 ) )
transform into zero then the function f(x)=-—— converges to infinity.

a(x)

6. Basic theorems about function limits
Esides function y = f(x) can not have more than one limit at x —> a.

1) If every function of f(x) and ¢(x) has limit at x — a, then sum, subtraction
and product of this functions also have limits and

lim[[f (x) £ @(x)]=lim £ (x)# limp():
lim[ / (x)-@(x)]=lim / (x)-limp ().

Besides if limg(x) =0 then the ratio / Ex)
x—a (X

fim L0 _ 2S00
wap(x)  lime(x)

has limit and

Corollary 1. Constant multiplier can be taken out of limit

lim| ¢f (x)]=c-lim f(x).

xX—a x—a

12



Corollary 2. If lim /' (x) = 4 and n — is a natural number then

tim[ £ (x)] = lim £ (x) ]

xX—>a xX—a
in particular
lim(x") = (limx)" =a".
x—a xX—>a

2) If lim p(x)=u,, but lim f(«)=4, 10 lim f(p(x))=4.

X—>Xg

7. Remarkable limits.
sin x

Let’s consider the function f(x)= , the is not defined at x = 0. There ex-

ists the theorem proving that limit of the function exists

sinx

im—>==1, (¥

=0 x

This limit is called: first remarkable limit.

.t
It follows from the formula (*) that hrr(} LASE
X—> X

: : : 0. :
This formulae are used to solve the indeterminancy {6} in the case if the func-

tion contains trigonometric function.

The second remarkable limit 1s used to solve indefinites [1“’] )

. . 1 X . . . o0
Let’s consider the function f(x)=(1+—)". Here is the indeterminancy [1 ] .
X

. . . . 1.,
There it the theorem which states that limit of the function f(x)=(+-—)" at
X
x — oo exists and equals e:
lim(1+1) = ¢
X—>00 x

The second remarkable limit has else one form
1
lim(1+y)” =e.
y—0

The examples are given in the next section

II. Examples of typical problems solutions.

13



1. Let’s consider the tasks lim J (x)

with indeterminancy of the

formc [f} where f(x) and @(x) in the general case are complicated de-
00)

gree or exponential function
3x? —4x +1 _|:oo}

a) lim
: x—o 7 —4x?

Let’s find the greatest degree of x in the numerator B and in the de-
nominator. It is x*. Let’s divide the numerator and the denominator by x*:

o0

3x2_4x+1 3_i+i
2 2 2 2
lim XX 2x —1imM:_§
X—® l_ﬂ xX—>0 l_4 4
x> x? X’
Tx° 4y
5 3 s t—5
6) 1 7)2c +4x :{f}:lim ;c X _
x>0 3x" —2x+1 o0 x—>°03i_27x i
X X
7+i
= lim x? —Z—oo
SR3 2 10
¥ oxt ¥
dx 2
— 4 4
) lim — %= :[S}th ot
xoo x4+ x” —2x+1 [©] x>0 x +x7_§ L
xoxt oxt
4 _2
3 4
= lim —2* X :9—0
X300 1 2 1 1
I+ -5+
X x  x
o 27x% +4x% —2x+145x-3 {oo}
r) lim =|—
X—>0 2-Tx 00

14



Let’s find greatest degree of x in the numerator and in the denominator.
This is x'.

Let’s consider 3J27x3 +4x* —2x+1 (let’s bring number x° under root)

i/X3(27+i_%+%) =xi/27+i—%+%.
X X X X X X

Let’s substitute the expression to this limit and divide the numerator and
the denominator by x' :

4 2 1
X327+ ———F+—~
\/ X xz x3 +5l_3

)}1—1330 X2 7x s
x x
i/27+i—22+13+5—i g i
= lim ; X :—7=—1;.
X—>0 7_7
X
f(x)

2. Let’s consider the tasks lim
X—>X (p(X)

. In this case it is necessary to decompose into multiples numerator and
denominator to multiply the numerator and the denominator pf the fraction

the same expression.

2
2 lim % -9 (x—3)(x+3)_—3—3__6

32 +T7x+12 x>-3(x+3)fx—4) —3+4

[We  factorize the numerator according to the formula

¥ —y?=(x=y)x+2)]

with indeterminancy of the form {%}

P+ 7x+12=(x+3)x+4)
We factorize the expression D=49-48=1

Ol S P et
2 2

V25-x> -3 _{9}_ lim( 25— x° —3X\/25—x2 +3)
LoJ (\/ﬂ+3kx—4)

6) lim

x—4 x—4

0

15



(Let’s multiply the numerator and the denominator with the expression in-

terfaced the numerator: +/25—x° +3. In the numerator we will obtain

( 25-x7 —31\/25—)2 +3)).

TRt e CAN N et -
(25— x2 +3[x—4) 42522 +3[x—4)
(4-x)4+x) 8

= lim

x4 (\/ﬂ+3Xx—4)_ 9’

9 hm«/sx—z—z_{g}_ﬁm (V3x—2-2)3x—2+2)Vx++2)
=2 Ax=v2 0] w2 (r-V2)B3x-2+2)Vx+42)

It is necessary to multiply the numerator and the denominator the inter-

faced expression: («/ 3x-2+ ZX\/; ++/2 )

i Gr=2-4)(x+v2) L 3(x-2)Wr+42) _3(V2+42)
Cxo2 (x-2)WBx-2+2) xo2(x-2)V3x-2+2) 4
_6V2 3
42
3. Let’s consider the indeterminancy [oo —oo].

a) lim( ! 2x+8):[oo—oo].

2.

oA x—2 x3_8
We have the indeterminancy [0 —oo].
Let’s reduce the fractions to common denominator
hmx2+2x+4—2x—8:lim x* -4 _
=2 (x - 2)(x2 +2x+ 4) x>2 (x — 2)(x2 +2x+ 4)
im (x—2)x+2) _4_1
2 (x=2)x? +2x+4) 123

6) lim(\/xz —2x-5 —x):[oo—oo].

X—>00

We have indeterminancy of the form [oo —oo].

16



Let’s multiply and divide the function the expression interfaced it.

(\/xz—2x—5—xX\/x2—2x—5+x) x?-2x-5-x*

=0 Nx?—2x—-5+x xoox? _2x—5+x
) —2x-5
= lim

x>0\ x2 _2x -5 +x'

Let’s find the greatest degree of the fraction This is x', hence:

2
lim 5 ;_C =—1.
X—>0 1_7_724_1
X x
51 5 : L
Also at x - oo —;—;— —are infin.itesimals
X X x

Remarkable limits lim (1 + lj =e.

X—>Foo X

4. Let’s consider the tasks with the indeterminancy [100 ]

~3x2
a) lim 23" =3
x| 2x% +1 '

We have indeterminancy [100 ],

3
2 2-—
limzx2 3—lim X :gzl
x—wo 2x“ +1 x—»q>2 4}7 2
2
X
Find the integer part of the fraction:
27 -3 _ (2 +1)-1-3_[or+1)-4_ 4 _1+( 4 J
2x% +1 2x% +1 2x% +1 2x% +1 2x° +1
4 a(x) —is an infinitesimal at x — oo
2
2x°+1

We will multiply the degree (oc(x) j, it retains the equality

b
ox)

17



2 _3x2
2x +1'( -4 J
( -4 j4 2x2 41

2x% +1

lim| 1+

X—>00

12x2
2
2x°+1 \2x2 41 12x2 - 12x2
—4 —4 — lim 2+l = g"P2x7+l — o6

2x% +1 x>0

= lim 1+(

X—>0

2
122x =1im—121 —6|.
-|—1 x—>002+7

2
X

lim
X—>0 2_x

3
6) lim(x_ljx.
x>0\ 2x—1

We have the indeterminancy [100], because lim

x—1

=1.
x—>02x—1
Let’s find the integer part -1 :(2x—1)—2x+1+x—1:(Zx—l)—x=
2x—1 2x—1 2x—1
()
2x—1
-3

2x—1.( -X }3 2x-1\ 201
lim 1+( —X ) FAEUE gim 1+( —X j N _
x—0 2x -1 x—0 2x—1

-3 2x-1

lim 5. ¢ - —x
= e 23 (lim 1+( a j =e).
x—0 2x —1

5) lim In(x+3)-1n3 |
x—0 S5x

0
We have the indeterminancy {O} :

18



b
Let’s use the logarithm property (loga b—log, c=log, o’

nlog, x =log, x"),

x+3 1 1

In 1 . x+3 x+3)s5x x\s5x
lim —2 :lim(—-ln jzlimln( szhmln(n—) *
x—0 S5x x>0\ Sx x—0 3 x—0 3

Logarithm is a continuous function, hence the symbols lim and In can be

replaced
1 3x 1
In 1im(1+fj5’“ —In 1im(1+f)x P nells= L.
x—>0 3 x—0 3 15
5. lim 22X g,
x—>0 Xx
a) Calculate limtg—x.
x—0 x
1imtﬂ:[9} —tim S g S g Lo
x>0 x 0 x>0 xXCcosSx x—0 x x—o0COSX
Tak kak lim St Y =1; lim ! =1.
x>0 X x—0cos(
6) lim arcsmx.
x—0 X

0
We have the indeterminancy {O} :

We will substitute arcsinx =y = x=siny atx — 0; y = 0, then we ob-

tain
. arcsin i
lim Y~ lim .y =1.
x>0 X y—0sin y
. sSin2x+sin8x 0 . 2sinS5x-cos3x
B) lim =|—|=1lim =
x—0 4x 0 x—0 4x

19



+ —_
x ycosx Y for the nu-

(We applied the formula sinx+sin y =2sin

merator.
).

2Sln5x-5x-cos3x 10 5
= lim —2% —=2
x—0 4x 4 2

(because cos (3:0) =cos 0=1).

Tasks for training

. 4x®—-8x° . Tx%=2x+1 o 9P +2x —6x+2
1. 11m7—; lim ;  lim
x>0 4x' +2 X—>0 3-2x X—>0 3—x
3 3 2 1
lim \/64x 27x +1 erl; lim(\/2x2—5x+1— 2x2+4x);
X—0 2x+ 4 X—©
3 —
lim 725, lim (V427 —2 —/4x? + 5x—6 |
x> 4 —Tx X—>00
. xT=2x . x=27 X+ Tx+12
2. hmz—; lim 3 ; lim
x—=2x° —4x+4 x=3 x° -9 x—>-3 x° +6x+9
. X +x—6 . x?=5x+6 . x*—3x+2 . x?—5x+4
lim——; lm————; lim———; lm————.
>22x* —x—6 3 (x-3) ol x +x—2 x4 x°-16
_ Ax—-1-1 . A3x*—11 . x> —49
3. Im—; lim Im——;
x—=2 x—=2 x—5 X — x—7 x—ﬁ

hmx/x+ -2 lim VX lim 2x2+7—5_
x—=0+/x+3 \/_ ! x—=35—-4/2 , x—-3 x+3 ’
lim N3x+T7 =7 .

x>0 +/5x+3 —+/3

Ly oy Jx
o (2x+1) C (x=2\"? . x? +1
4. Iim ; lim ; lim ——|
x—o\ 2x —5 x—o\ x + 8 x—o| ¥ —=2x+4

20



1 —3x+4 _
C (4x+3)s (P rax—1Y T (e
lim ; lim - ; lim )
x—>o\ 7x —4 x| x©—2x+8 x—ao\ 3x —2

tglOx te3x . COSX—COS2x
5. lim 2 lim —=>% lim 5 X
x—0sin3x x>0 COS2X x—0 X
. sinx+sindx . l—cos4dx
lim 5 lim —
x—0 X x—=0  2x

III. Tasks for individual training
Find the limits

I
2
L a) lim( 1 21 j; 6) lim 2x° +15x—8
x—>-N\x+1 x -1 x—>-83x? +25x+8
2. a) hm( 21 B 21 j; 6) lim 4); +3x+15
=0\ 2x" —x x“—Xx >3 x2 —6x—27
2_
3.a) hm( 21 _3 j 0) lim i
-lxr-x x*-1 x>36x> —16x—6
4.a) lim X mxt2 0) lim x+2-V2
x—>® 2x° +3x° +1 x50 \x+3-+/3"
5.a) lim VAT VAT 6) lim -f—ii—g
x—0 3x x—>22x —X— 6
3 2 _
6.2) lim 3;c +2x x+1; 5) lim3 x2 +9.
x>0 x> +3x +4x—6 =0 X
. 2xt+x—1 . A2x-3-1
7.a) lim —————; 0) lim :
x—>-1 x“ =1 X—>2\/2x+3—\/7
2 8 _
3. 2) 11mZx 12x+10 6) lim 4x ;Sx 1.
x—5 2_x —11x+5 x—o 3x°+2x
J— [— [— 2_
9. a) lim XX 1273, 6) lim —~ o~ NOx = 7x
x—4 \/;_2 x—>00 2x+1
[7.2 o+ _4Ay2 _
10. a) lim X Ox 6; 0) lim BANEL R

=3 x=3 x>-18x> +2x% —10x—4



~3x%=3x Ox —2+34x* +2x% +2x 2

11.a) lim — ; 0) lim
x>-1—x"+3x+4 X0 Sx+1
2_ — —
12. a) lim(9x—2—x/81x2); 6) lim V4 -3 -3 2.
X0 x—>-1 x+1
4 2
13.2) lim(8x+8-64r? 8} ) lim 223~
X—>00 X—>00 Tx° +4
1 6
14.a) li —3-x+2); 0) li — :
a) xglc}o(\/x Vx ), ) xl—%(x__% 2 _9j
2
. x"—6x+9 N3x—-2-2
15.a) Im——————; 0) lim .
)x—>3 x2—3x )x—>2 \/;—\/5
2 1) 4/ 38 10 2.2
16.2) fim (302 +5)n 1), 6 lim {x +32x 10-3¢
noe (n+1) o052 1-3/27x5 + x5 —15x
4 2,3 x
17.a) lim 150x 3)3C +\/4;; 0) lim 3 1+2 :
x>0 Yx + 7% = 2x x—0 3
—1)y! 2 _
8. 2) lim (x l)x.; 5 hm2x2 l4x+12
X—>00 (x—l—])' x>l x“—6x+5
I—x! J _
19. a) fim 6) lim Y273
X—>0 (x+1)! x4 AJx =2
[0.2 g _ |2
20. a) lim X" 9 2x; 0) lim2 x2 +4.
x>o 93315 x—0 3x
I1
1. a) lim x(In(2x—1)-1n(2x—3)); 6) limﬂ.
X—>0 x—0 3xsinx
. sin3x+sinx . 3+x
2.a) lim ; 6) lim(1+2x) x .
x—0 2x x—0
T 3x 7
3.a) lim| ——x |- tgx; 0) Iim .
i e ;%)

Xx—>—
2



_ 6
4. a) lim X+ . 6) lim(1+4x).*2.
x—2 sm(x — 2) x—0
X 3x-2 3+x
5.a) li ; 6) lim(1+2x) x .
a) xl—l;l;lo(x+3j ’ ) xl_l;l’(l)( " X)
3 x:3 —2X
6.a) lim(1+2cos X )cosx; 6) lim( j .
P x—o\ X +4
2
7.a) lim[2x(In(x+3)-In(x-3))]; 6) limw.
X—>00 x—0 X
3
_si 2 _1),2
. a) lim £ =S0X, 6) lim(4x2 1) .
x—0 X x—>0{ 3x° —1
1 A
9. a) lim(cos x),2 ; 6) L xz) LE
x—0 x—0 2x
4
2\x
10. a) lim(3 2sz : 6) lim— '~ |
x>0 3+3x x—>0SIn x+sin7x

III. Find the limits using equivalent infinitesimal.

1 lim arctg2x 11 lm sin”3x
T x>0 8x " x>0 arctg®2x
5 Tim ln(l + Sx) 19 lim arctg3x
x—0 10x x—0 4x
S5x .
3 lim & ! 3. Tim —Sm>Y
x—0 sIn 2x x—0 arcsin2x
4. tim 2 *2) 14, fim ALCSin"x
2 xt_4 x—0 3xsinx
5 Tim arcsin2x 15. lim Sx
x>0 tgdx " x>0 arctg3x
6. lim arctgSx 16. lim arcsinbx
x>0 tg2x x>0 2Xx

23



: sin3x
7. im ————
0 In(1+ 2x)

S5x .
8. Tim &1
x—0 tg2x

. arcsin8x
9. lm——
x>0 tgdx

10. lim 5
x—>02x" —3x

arctgbx

sinSx +sin x

17. lim _
x—>0  arcsinx

2
. l—cos” 2x
I8. Iim ———
x—0 xarcsinx

19 lim arcsinbx

x>0 x" —x

2 J—
20. Tim ¥ =2%
x—0 arctg8x
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